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Abstract – We compute the logarithmic corrections to black hole (BH) entropy product of H±
(b) by using Cardy prescription. We particularly apply this formula for BTZ BH. We speculate
that the logarithmic corrections to entropy product of H± when computed via Cardy formula the
product should be neither mass-independent (universal) nor be quantized.
Introduction. – In 1973, a remarkable result was
predicted by Bekenstein [1] and Hawking [2] in the first
history of science that the entropy of a dark star (so called
BH) is proportional to the “geometric quantity”, so called
the area of event horizon (EH). This immediately suggests
that the outer BH entropy 1 is given by
S+ =
kBc
3
ℏ
A+
4G
(1)
where kB is the Boltzman constant from statistical me-
chanics, c is the speed of light in free space come from
special theory of relativity, ℏ is called reduced Planck con-
stant and comes from quantum mechanics, A+ is the area
of H+ come from purely geometry of the spacetime and G
is a universal constant that comes from gravity.
If a BH has another horizon so called inner horizon or
Cauchy horizon (H−) there must exists inner BH entropy
which can be defined as
S− =
kBc
3
ℏ
A−
4G
(2)
whereA− is the area ofH
− also come from inner geometry.
(a)pppradhan77@gmail.com
(b)H+ and H− denote outer (event) horizon and inner (Cauchy)
horizons
1We know that when ℏ = 0, Quantum mechanics reduces to clas-
sical mechanics. If we take this limit in S+ we have divergence value
of the outer entropy. Therefore we can say that there is no classi-
cal BH entropy. This S+ is a purely quantum BH entropy for H+.
Similarly, we can suggest that S− is a purely quantum inner BH
entropy.
Now the product of outer BH entropy and inner BH
entropy should read
S+S− =
(
kBc
3
ℏG
)2
A+A−
16
(3)
which implies that it is proportional to the product of the
geometric quantity of H±. Now if we define the funda-
mental length scale so called Planck length, i.e.,
ℓPl =
√
Gℏ
c3
(4)
then the products of BH entropy as
S+S− =
A+A−
16ℓ4Pl
(5)
where we have to set kB = 1.
This area (or entropy) product formula of H± for wide
class of BHs [3–13] has been examined so far with out
taking into account any logarithmic corrections. Without
logarithmic corrections the product of area (or entropy) of
H± is universal in some cases and it fails to be universal
in some cases also. But it is interesting when we have
taken the logarithmic corrections of this product then the
product should always not be universal. Our aim is here
to derive the logarithmic correction to the BH entropy of
H± and its product via Cardy prescription [17–34].
On the other hand in the framework of String theory for
BPS (Bogomol’ni-Prasad-Sommerfield) class of BHs there
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has been a proposal that the product of inner and outer
BH entropy is quantized in nature [4] and it should be
S+S− =
(
2πℓ2Pl
)2
N, N ∈ N . (6)
It should be noted that Larsen [35] proposed that the BH
outer horizon as well as inner BH horizon is quantized in
the units of Planck. That means the product of inner area
(or inner entropy) and outer area (or outer entropy) of H±
is quantized in terms of Planck units.
In the next section, we will calculate the logarithmic
corrections to BH entropy product formula by using the
Cardy formula.
Logarithmic Corrections to BH Entropy Product
Formula via Cardy method. – In order to compute
the logarithmic corrections to the density of states of H±,
we begin with an arbitrary 2D CFT with central charges
c by using the Virasoro algebra of H± [14–16]
[Lm,±, Ln,±] = (m− n)Lm+n,± +
c
12
m
(
m2 − 1
)
δm+n,0
[
L˜m,±, L˜n,±
]
= (m− n) L˜m+n,± +
c
12
m
(
m2 − 1
)
δm+n,0
[
Lm,±, L˜n,±
]
= 0 (7)
where the generators Ln,± and L˜n,± are “holomorphic”
and “anti-holomorphic” diffeomorphisms, respectively.
At the same time we can define the partition function
of H± on the 2-torus of modulus τ = τ1+ iτ2 is defined to
be
Z±(τ, τ˜ ) = Tr e
2piiτL0,±e−2piiτ˜L˜0,±
=
∑
ρ±
(
∆±, ∆˜±
)
e2piiτ∆±e−2piiτ˜∆˜± (8)
where ρ± is the number of states with eigen values L0,± =
∆±, L˜0,± = ∆˜±.
Now if we can compute the partition function Z±, we
can calculate the density of states ρ± via contour integra-
tion. For this we can assume q = e2piiτ and q˜ = e2piiτ˜ .
Therefore one should find the contour integration for den-
sity of states of H±
ρ±
(
∆±, ∆˜±
)
=
1
(2πi)2
∫
dq
q∆±+1
dq˜
q˜∆˜±+1
Z±(q, q˜)(9)
where the contour integration evaluated from q = 0 to
q˜ = 0. Actually Cardy [17, 18] found that the partition
function of H± is given by
Z±(τ, τ˜ ) =
Tr e2pii(L0,±−
c
24 )τe−2pii(L˜0,±−
c
24 )τ˜
e
pic
6
τ2
.(10)
Interestingly, this quantity is “modular-invariant”. It is
also universal via CFT. Using this result we can evaluate
the above integral by steepest descent method. Now let
∆0,± be the lowest eigen value of L0,± and define
Z¯±(τ) =
∑
ρ± (∆±) e
2pii(∆±−∆0,±)τ
= ρ± (∆0,±) + ρ± (∆1,±) e
2pii(∆1,±−∆0,±)τ + ... .
(11)
For convenient, we have omitted the τ˜ dependence. Then
it can easily be shown that
ρ± (∆±) =
∫
e
2pii
τ (
c
24
−∆0,±)e2piiτ(
c
24
−∆±)Z¯±
(
−
1
τ
)
dτ . (12)
For large value of τ2, it can be shown that Z¯±
(
− 1
τ
)
gives
us a constant value ρ± (∆0,±). Therefore the above inte-
gral becomes
ρ± (∆±) ≈
(
c
96∆3±
) 1
4
e2pi
√
c∆±
6 . (13)
Now one can obtain the exponential part of the Eq. (13)
which is actually the Cardy formula. Now, one can apply
this formula for calculating the entropy of H± for rotating
BTZ BH and compared it with the result obtained by
Strominger in his work [36].
The BH event horizon and Cauchy horizon for rotating
BTZ BH [37,38] is given by
r± =
√√√√4G3Mℓ2
(
1±
√
1−
J2
M2ℓ2
)
(14)
where G3 is the 3D Newtonian constant. Now it can be
easily derived the ADM mass parameter and angular mo-
mentum parameter
M =
r2+ + r
2
−
8G3ℓ2
, J =
r+r−
4G3ℓ
(15)
where ℓ2 = − 1Λ and Λ is cosmological constant. The cen-
tral charges derived by Brown and Henneaux [14] using
the properties of asymptotic symmetries in 3D with nega-
tive cosmological constant which could be determined by
a pair of Virasoro algebra, are
c = c˜ =
3ℓ
2G3
. (16)
The generators of the Brown and Henneaux Virasoro al-
gebras derived in [39] are
∆± =
(r± + r∓)
2
16G3ℓ
, ∆˜± =
(r± − r∓)
2
16G3ℓ
. (17)
Using Eq. (16) and Eq. (17), one can compute the expo-
nential part in Eq. (13) as
2π
√
c∆±
6
+ 2π
√
c˜∆˜±
6
=
2πr±
4G3
(18)
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which gives the standard Bekenstein-Hawking entropy for
3D BH and it was first observed by Strominger [36] for the
H+ in 1998. We examined here this entropy calculation is
valid for both H±.
Using Eq. (13), one can easily compute the density of
states of H± as
ρ±
(
∆±, ∆˜±
)
≈
8G3ℓ
2(
r2± − r
2
∓
) 3
2
e
2pir±
4G3 . (19)
Therefore, one should calculate the logarithmic correc-
tions to the entropy of H±
S± ∼
2πr±
4G3
−
3
2
ln
∣∣∣∣r2± − r2∓G23
∣∣∣∣ + const. (20)
=
2πr±
4G3
−
3
2
ln
∣∣∣∣2πr±G3
∣∣∣∣− 32 ln |κ±ℓ|+ const.(21)
where the surface gravity is defined to be
κ± =
r2± − r
2
∓
ℓ2r±
. (22)
Therefore the logarithmic terms in Eq. (21) obtained by
Kaul and Majumdar [30] for H+ for spherically symmetric
BH in 4D have exactly the same form as we have seen from
the above calculation. It should be noted that this is also
valid for H−. Thus one can compute their product and
should read off
S+S− =
π2
4G3
r+r− −
3π
4G3
[
r+ ln
∣∣∣∣2πr−G3
∣∣∣∣+ r− ln
∣∣∣∣2πr+G3
∣∣∣∣
]
−
3π
4G3
[r+ ln |κ−ℓ|+ r− ln |κ+ℓ|]
+
9
2
[
ln
∣∣∣∣2πr+G3
∣∣∣∣ ln |κ−ℓ|+ ln
∣∣∣∣2πr−G3
∣∣∣∣ ln |κ+ℓ|
]
+
9
4
ln
∣∣∣∣2πr+G3
∣∣∣∣ ln
∣∣∣∣2πr−G3
∣∣∣∣+ 94 ln |κ+ℓ| ln |κ−ℓ|+ const. . (23)
It follows from the above analysis that without logarith-
mic correction the product of entropy is always mass-
independent (universal) but the problem is when we have
taken into account the logarithmic correction term the
product of H± always dependent on the mass parameter
that means it is not universal as well it is not quantized.
This is the key result of this work.
So far we have examined the logarithmic corrections to
the entropy product formula of H± using Cardy formula
now we shall calculate the entropy using slightly different
CFT described by the universal Virasoro algebra at the
horizon [21–24,28] with central charge
c =
3A±β±
2πGκ±
(24)
and an L0,± eigenvalue is
∆± =
A±κ±
16πGβ±
. (25)
where A± is the horizon area of H
±, κ± is the surface
gravity of H± and β± is periodicity of H
±.
Now, reverting back these values in Eq. (13), one ob-
tains the density of states of H± as
ρ± (∆±) ≈
c
12
e
A±
4G(
A±
8piG
) 3
2
. (26)
For c to be a universal constant one must need to be choose
the value of β± such that it is independent of A± then one
obtains the entropy of H±:
S± ∼
A±
4G
−
3
2
ln
(
A±
4G
)
+ const.+ ... (27)
where we have set ℓ2Pl = 1. Interestingly, the above Eq.
(27) is completely in agreement with the result of Kaul and
Majumdar obtain for H+ only [30]. We have suggested
here this entropy expression is valid for both H±.
To summarize, we computed the logarithmic corrections
to the BH entropy of inner and outer horizons, and their
product by using the trick of Cardy formula. We have con-
sidered particularly rotating BTZ BH and showed when
we have taken into account the logarithmic corrections to
the entropy product it should not quite independent of the
ADM mass parameter henceforth it should not be quan-
tized.
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